For highly geometrically nonlinear problems, the structural characterizes including the effects of member initial imperfections, the interactions between adjacent members and the buckling can hardly be captured with the linear analysis approach. The prevalent design methods, which are usually developed based on empirical assumptions, cannot correctly reflect the second-order effects of tapered members. Therefore, to accurately simulate the tapered members, this paper proposed an advanced analysis method for tapered I sections based on the direct analysis method. The function representing the critical initial geometric imperfection shape of tapered columns is presented, and the unfavorable effect is incorporated in the advanced tapered beam-column element formulation derived in this paper. The tapered element with an arbitrarily located internal hinge including 12 independent degrees of freedom is introduced for the state-of-the-art design method. Examples verifying the accuracy and efficiency of the proposed formulation are presented. The current research is believed to be a great contribution to the modern design of non-prismatic members.
INTRODUCTION
Tapered members have the less self-weight and better architectural appearance compared to prismatic members. The costs of the material, transportation, foundation and construction can be reduced with the use of tapered members. The innovative manufacturing techniques, such as the building information modeling method and the automated robotic welding, greatly facilitate the member fabrication, which makes the structural form popular in modern structures. For instance, recently, one of the world's longest span single-layer domes, the MGM Spectacle Roof in Macau [1] , has been built with the tapered I sections.
Extensive studies on the performance of tapered members have been conducted during the last decades [2] [3] [4] [5] [6] [7] [8] . Several scholars focused on the free vibration analysis [9] [10] [11] , and some others conducted the numerical studies using the finite element method (FE), such as Karabalis and Beskos [12] , Chan [13] , Al-Gahtani [14] and Gupta et al. [15] . However, the research is not satisfactory for the practical structural analysis as those proposed methods only focus on the specific issues such as the portal frame and the canopy. The current generally used modeling method, namely the stepped element method, adopted several prismatic elements to represent one tapered member as shown in Figure 1 . Empirically, for accurate simulation, 20, at least, sub-elements are required for a tapered member, and more elements are required in highly nonlinear problems [16] , which significantly increases the computational effort and the initial member imperfection modeling efforts. Furthermore, the prescriptive methods [17, 18] are developed based on the experimental tests and are only valid for web tapered I sections. Therefore, a widely applicable efficient method for the design and analysis of tapered members should be developed. The direct analysis method (DM) is an advanced design approach for steel structures. The method directly considers all factors relating to the stability in the structural analysis, such as the initial geometric imperfections and residual stress. The actual member P-δ effects, stiffness and structure deformation can be simulated through the numerical method. Therefore, the flexural buckling strength can be directly evaluated through the interaction equation of flexure and compression without using any empirical factors. The method is particularly suitable for the complex structures, where the member effective length is hard to define. Currently, some studies on tapered members have been conducted based on the DM in Reference [19] [20] [21] [22] [23] . In this paper, the DM is developed for the analysis of the tapered with I sections in geometrically nonlinear problems.
To consider large deflections in a three-dimensional analysis, the incremental secant stiffness method based on the updated Lagrangian description reported by Chan [24] is adopted, , which is reported to be efficient in the analysis. Several researchers have utilized this technique for their numerical simulations, e.g. Yang and Chiou [25] , Chan and Zhou [26, 27] , Liu et al. [28] [29] [30] [31] and so on. Besides, the kinematic motion descriptions for the Co-rotational (CR) method are elaborated.
In the following sections, the critical geometric imperfection shape for tapered members is presented. An advanced tapered beam-column element is derived for the DM with the initial imperfection incorporated. The element contains an arbitrarily located internal hinge aiming to capture the location of the critical section position. Several examples are employed to demonstrate and verify the reliability and accuracy of the proposed elements
ASSUMPTION
The following assumptions are adopted: (1) Small strains but large deformations are assumed and handled using the incremental tangent stiffness method; (2) the Euler-Bernoulli hypothesis is adopted and the strain distribution along the cross section is linear; (3) Loads are conservative and applied on element nodes; and (4) Deformations due to the warping, shear actions are not considered. In practice, these checking could be dealt with by additional checking equations in codes.
MEMBER INITIAL GEOMETRIC IMPERFECTION
The member initial geometric imperfection is essential in DM. The initial shape influences the member stiffness, the deformation and the critical section location. As pointed out by Marques [32] , the critical initial geometric imperfection shapes are different between prismatic and tapered columns. The deformations of the simply supported imperfect columns under compression are plotted in Figure 2 . As shown in the figure, unlike the prismatic member, the deflect of the tapered column under compression is not symmetrical about the mid-span. Therefore, the conventional initial imperfection shape, the half sinusoidal curve, cannot be applied to the analysis of tapered members, as the shape will lead to an overestimation on the member performance.
In this section a fifth-order polynomial is used to predict the initial imperfection for tapered members. Here adopts υ as the tapering ratio which equals to / R L I I ; IL and IR are the second moment of the inertia at the element left and right end, respectively. The derivation process is shown as below.
The relationship between moment and member deflection is
where, E is the Young's modulus, the I (x) is the expression of the moment of inertia.
The expression of the moment along the element under uniform distributed load is ( )
where, q is the magnitude of the assumed uniform distributed load. And the boundary conditions are
The maximum value of the deformation vmax can be obtained from the first derivative. Then, the deformation function of initial imperfection is given by
where, 0 m v is the maximum value of the initial imperfection. where ζ = x/L; Ci, i=0~5, are the constant coefficients which can be determined according to υ . The equation can be used for both local axes after knowing the corresponding ratioυ . For practical purposes, the value of the coefficients with corresponding to different υ are listed in Table 1 . Table 1 : Constant coefficients of generalized imperfection shape υ 
FORMULATION OF ADVANCED TAPERED ELEMENT
To fulfil the requirements for second-order direct analysis, a compound element consisting of two single tapered elements with an additional incorporation of imperfections is proposed in this paper. A new element named tapered-three-hinge (TTH) element is derived. The deformation relation between the bending and the node forces are plotted in Figure 3 for two planes. The origin of the local axes is positioned in the mid-span of the element. The imperfections of the two principal axes are expressed as ( )
where, v0y and v0z is the lateral displacement functions of an imperfect element along the y-axis and z-axis respectively; vm0y and vm0z is the initial imperfection in Y and Z direction at mid-span; L is the length of the element; X axis is the longitudinal direction of the element. For the internal hinge located at the mid-span, the displacement functions for the deflection in two lateral direction can be expressed as 
in which, vy and vz is the lateral displacement function along Y and Z axis, respectively. N11, N12, N13, N21, N22 and N23 are the shape functions, which are given in Reference [20] . The formulae of the axial and torsional deformation are same as the Eq. (1) and (2) . Therefore, there are 12 independent degree of freedom in the element.
The bowing effect of the of the TTH by omitting the small quantity parts is ( ) ( )
Substituting the shape function in terms of the nodal displacement variables, the bowing effect can be expressed explicitly as, 
where, EA is the axial stiffness constant; EIy and EIz are the flexural stiffness about y-and zaxes respectively; GJ is the torsional stiffness; θmy, θmz, Smy and Smz are the hinge rotations and stiffness of the internal plastic hinge at respectively y-and z-axes written as, 12 
in which, Rmy and Rmz are the central plastic hinge stiffness connecting the left and right subelements. When the element remains in elastic, the R is set to be zero. The analytical expressions to describe the flexural stiffness of the symmetrical I section variation along the length are given in Eq. (15) and (16), in which, BL and BR are the overall width of the sections at the left and the right ends, respectively; DL and DR are the overall depth of the sections at the left and the right ends, respectively; Tf and tw are respectively the plate thickness of the flange and the web. The Bm and Dm stand for the breadth and depth in the midspan of the element, respectively. In this paper, the changes of the breadth and depth are assumed to be linear along the member length. So that Bm and Dm can be interpreted by using Eq. (21) [30, 31] . The linear tangent stiffness is shown in Eq. (19) . To simplify the element formulations, the tapered sections stiffness factors αi and βi are introduced. And the factors are listed in Reference [20] .
[ ] 
Besides, the secant relations are also provided in Reference [20] .
VERIFICATION EXAMPLES
To verify the accuracy, efficiency and applicability of the present elements for the proposed design approach, several examples are employed and compared with the results by the conventional stepped-elements representation model.
Extensive verifications on a single element
In this example, tests on the single element under various types of loading conditions are conducted to validate the element performance on element number convergence. A nonprismatic member with tapered I-sections is chosen for the present study. The overall width and depth of the member vary from 500 mm to 1000 mm and 1000 mm to 500 mm, respectively. The plate thickness at the flange and web are 30 mm and 25 mm, respectively. The member length is 20 meter and it is simply supported. The Young's modulus and Poisson's ratio are 205000 MPa and 0.3, respectively. The conventional approach using stepped elements representation is adopted for the comparisons, where three types of modelling approaches selected as 5, 10 and 30 stepped elements per members. Herein, the analysis results from the model using 30 stepped elements are selected as the benchmarking solutions. The comparison results are plotted in Figure 4 From the comparisons, the proposed element improves efficiency and accuracy for a tapered beam-column. The results from the analysis model using one TTH element per member are closed to those from the model using 30 stepped elements, where the averaged difference is only 1.26%. However, the results from the models using 5 and 10 stepped elements per member are observed to have 18.56% and 5.34% discrepancy with the benchmark solutions.
As illustrated in the load versus deflections curves, the member deflections under different load conditions can be traced and predicted very well by the model using only one proposed beam-column element. The example indicates the numerical inefficient conventional stepped element representation can be replaced by the present element with numerical efficiency dramatically improved. 
Verification on the initial imperfection
In this example, the generalized imperfection shapes are compared with corresponding Eigen-buckling modes of simply supported members. The modes are obtained through FM using solid element. The Young's modulus is 2.05×10 8 kN/m 2 . In order to test the applicability of the proposed imperfection shape, the rigorous comparisons between the proposed imperfections and 1st Eigen-buckling modes from 0.01 υ =
to 100 are conducted. The results are plotted in Figure 5 .
From the comparisons, it can be seen that the proposed imperfection curves are closed to the Eigen-buckling shapes. The discrepancies between the two methods is less than 7%. It suggests that the new shape function can reflect accurate P-δ effects and worst scenarios in the DM. 
Star frame composed of imperfect tapered members
In this example, a 3D tapered star frame is chosen to verify the influence of the difference imperfections on the snap-buckling capacity. The configuration and parameters of the frame are shown in Figure 6 . In this frame, the smaller ends of the members are all pinned to the ground, and the major axes of the members are set along the global vertical direction. The Young's modulus is 2.05×10 8 kN/m 2 . The magnitude of the imperfection is L/100 at both member local axes. The load-deflection curves of the tip point using two different imperfections are plotted in Figure 6 .
It can be seen that the critical snapping loads of the frame with the conventional bowing shape is significantly higher than the proposed one with maximum difference of 18.5%. This discrepancy can be attributed to the buckling modes for the two structures. For the frame with conventional imperfection shape, the maximum second-order effects occur at the mid-span of each member. In the case of the proposed imperfection shape, the buckling degree of freedom is at the position close to the small end. This smaller section has a lower capacity which will reduce the buckling load of the structure. This example shows that the conventional imperfection shape will lead to an incorrect evaluation on the critical section and overestimate the capacity of the tapered space frame. Consequently, the proposed imperfection shape in the DM can better predict the structural buckling behaviour. Figure 6 : Load-deflection path for tapered star frame with two imperfection shapes.
CONCLUSIONS
Apart from the research using the stepped elements approach for simulating the tapered members, this paper gives an analytical solution for the second-order direct analysis of nonprismatic steel members. A curved beam-column element named the Tapered-Three-Hinges (TTH) element and an initial imperfection shape function are proposed for highly geometrically nonlinear analysis. The analytical and exact solutions representing the variation of member stiffness is used in the element derivation. Extensive verifications are conducted to illustrate the accuracy and efficiency of the tapered element, and the comparisons demonstrate the proposed approach is very convenient for engineering practices, where the results from only one proposed element are closed to those by 30 stepped elements.
